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L e h r s t u h l  f i i r  F o r s t g e n e t i k  u n d  F o r s t p f l a n z e n z i i c h t u n g  d e r  U n i v e r s i t ~ t  G 6 t t i n g e n  ( B R D )  

S u m m a r y .  B a s e d  on  m o n o e c i o u s ,  d i p l o i d  p l a n t  s p e c i e s ,  a m o d e l  i s  c o n s t r u c t e d  to  d e t e r m i n e  g e n e t i c  r e l a -  
t i o n s h i p  w i t h i n  t h e  s e e d  p r o d u c t i o n  of a n  o p e n - p o l l i n a t e d  p o p u l a t i o n ,  c h a r a c t e r i z e d  by  i t s  r a t e s  of  s e l f - f e r -  
t i l i z a t i o n ,  p o p u l a t i o n  d e n s i t y  a n d  m o d e  of p o l l e n  d i s p e r s a l .  G e n e t i c  r e l a t i o n s h i p  i s  m e a s u r e d  b y  t h e  c o e f -  
f i c i e n t  of i n b r e e d i n g  of  a s e e d  p r o d u c e d  by  a m o t h e r  p l a n t  l o c a t e d  at  a s p e c i f i e d  p l a c e ,  o r  by  t h e  c o e f f i -  
c i e n t  of k i n s h i p  b e t w e e n  two s e e d s ,  p r o d u c e d  f r o m  t h e  s a m e  m o t h e r  p l a n t  o r  p r o d u c e d  f r o m  two d i f f e r e n t  
m o t h e r  p l a n t s  s e p a r a t e d  by  a c e r t a i n  d i s t a n c e .  The  i n f l u e n c e  of  t h e  s i n g l e  p a r a m e t e r s  on  t h e s e  c o e f f i c i e n t s  
i s  d e m o n s t r a t e d  b y  s o m e  t y p i c a l  e x a m p l e s ,  w h i c h  s h o w  t h a t  d i m e n s i o n a l i t y  of  t h e  h a b i t a t  ( o n e -  o r  t w o - d i -  
m e n s i o n a l ) ,  a s  we l l  a s ,  r a n g e  a n d  t y p e  of p o l l e n  d i s p e r s a l ,  h a s  l i t t l e  i n f l u e n c e  on  t h e  r e l a t i o n s h i p  b e t w e e n  
s e e d  p r o d u c e d  f r o m  t h e  s a m e  m o t h e r  p l a n t  a n d ,  on  t h e  o t h e r  h a n d ,  e m p h a s i z e  t h e  i m p o r t a n t  r o l e  of t h e  
r a t e  of s e l f - f e r t i l i z a t i o n  and  p o p u l a t i o n  d e n s i t y .  S o m e  r e m a r k s  on how to  a p p l y  W r i g h t ' s  c o n c e p t  of n e i g h -  
b o u r h o o d  to  c o n t i n u o u s  p l a n t  p o p u l a t i o n s  c l o s e  t h i s  p a p e r .  

I n t r o d u c t i o n  

Many  p l a n t  b r e e d i n g  a c t i v i t i e s  r e q u i r e  d e t a i l e d  k n o w l -  

e d g e  abou t  t h e  g e n e t i c  r e l a t i o n s h i p  a m o n g  o f f s p r i n g  

( s e e d )  f r o m  o p e n - p o l l i n a t e d p l a n t  p o p u l a t i o n s  ( s e e  e . g .  

S q u i l l a c e ,  1 9 7 5 ) .  C o n s i d e r i n g  m o n o e c i o u s  p l a n t  s p e c i e s ,  

t h e s e  o f f s p r i n g  m a y  b e  r e l a t e d  in  d i f f e r e n t  w a y s  : t h e y  m a y  

o r i g i n a t e  f r o m  t h e  s a m e  m o t h e r  p l a n t  a n d  t h u s  b e  h a l f - s i b s ;  

f u l l - s i b s  r e s u l t i n g  f r o m  c r o s s - f e r t i l i z a t i o n  o r  f u l l - s i b s  

r e s u l t i n g  f r o m  s e l f - f e r t i l i z a t i o n ;  o r  t h e y  m a y  o r i g i n a t e  

f r o m  d i f f e r e n t  m o t h e r  p l a n t s  a n d  t h u s  c a n n o t  b e  s e l f e d  

f u l l - s i b s  but  m a y  b e  r e l a t e d  in  a n y  of t he  o t h e r  w a y s  i n -  

c l u d i n g  f u r t h e r  p o s s i b l e  r e l a t i o n s h i p s .  The  a i m  of t h i s  

p a p e r  i s  to d e t e r m i n e  a v e r a g e  c o e f f i c i e n t s  of k i n s h i p  

a m o n g  s e e d  h a r v e s t e d  f r o m  t h e  s a m e  m o t h e r  p l a n t  a s  

we l l  a s  f r o m  two d i f f e r e n t  p l a n t s  s e p a r a t e d  by  s p e c i f i e d  

d i s t a n c e s .  S p e c i a l  i n t e r e s t  i s  p a i d  to  t h e  i n f l u e n c e  of t h e  

r a t e  of s e l f - f e r t i l i z a t i o n ,  p o p u l a t i o n  d e n s i t y  a n d  r a n g e  

of p o l l e n  d i s p e r s a l  on  t h e s e  p a r a m e t e r s ;  t h e  s t a t e m e n t  

of t h e  p r o b l e m  r e q u i r e s  no a s s u m p t i o n s  c o n c e r n i n g  s e e d  

d i s p e r s a l .  

The  c o n s i d e r a t i o n  of p o l l e n  d i s p e r s a l  i n t r o d u c e s  m i -  

g r a t i o n  of g e n e t i c  m a t e r i a l  in  a c o n t i n u o u s  way  a n d  r e l a -  

t e s  t h e  p r e s e n t  p r o b l e m  to t h e  f i e l d  of c o n t i n u o u s  m i g r a -  

t i o n ;  m o d e l s  f o r  t h i s  h a v e  b e e n  c o n s t r u c t e d  f r o m  d i f f e -  

r e n t  p o i n t s  of v i e w ,  m a i n l y  by  W r i g h t  ( 1 9 4 3 ,  1946) a n d  

M a l ~ c o t  ( 1 9 4 8 ,  1950,  1 9 6 7 ) .  B e c a u s e  of t h e  d i f f i c u l t i e s  

w h i c h  a r i s e  f r o m  t h e s e  a n d  a l s o  f r o m  m o r e  r e c e n t  m o -  

d e l s  f o r  c o n t i n u o u s  m i g r a t i o n ,  a s  e .  g .  g i v e n b y  M a r u y a -  

m a  (1972)  a n d  F l e m i n g  a n d  Su ( 1 9 7 4 ) ,  w h e n  t r y i n g  to 

a p p l y  t h e m  to  a c t u a l  p l a n t  p o p u l a t i o n s ,  G r e g o r i u s  (1975)  

w o r k e d  out  a r e s t a t e m e n t  of M a l & c o t ' s  m o d e l  f o r  t h i s  p u r -  

p o s e  . The  fac t  t h a t  t h e  c o n c r e t e  r e s u l t s  d e r i v e d  f r o m  t h i s  

m o d e l  m a i n l y  d e s c r i b e  a s p e c t s  w h i c h  b e c o m e  i m p o r t a n t  

a f t e r  a long  s e r i e s  of  g e n e r a t i o n s  a n d  t h u s  p r i m a r i l y  h a v e  

e v o l u t i o n a r y  i m p l i c a t i o n s  m a k e s  i t  n e c e s s a r y  to d e v e l o p  

a r e p r e s e n t a t i o n  of t h e  m o d e l  w h i c h  i s  a p p r o p r i a t e  f o r  a n  

a p p l i c a t i o n  to t h e  a b o v e  c a s e .  

The  Mode l  

The  f o l l o w i n g  c o n s i d e r a t i o n s  a r e  b a s e d  on  m o n o e c i o u s ,  d i -  

p l o i d  p l a n t  p o p u l a t i o n s  w h i c h  a r e  d i s t r i b u t e d  o v e r  t h e i r  

h a b i t a t s  a c c o r d i n g  to a s p e c i f i e d  p o p u l a t i o n  d e n s i t y .  The  

s e e d  p r o d u c t i o n  of e a c h  p l a n t ,  in  t h i s  c o n t e x t  d e n o t e d  a s  

m o t h e r  p l a n t ,  i s  b r o k e n  down in to  two p a r t s ,  o n e  r e s u l -  

t i n g  f r o m  s e l f - f e r t i l i z a t i o n  and  t h e  o t h e r  r e s u l t i n g  f r o m  

c r o s s - f e r t i l i z a t i o n .  The c r o s s - f e r t i l i z e d  p a r t  of t h e  s e e d  

p r o d u c t i o n  of  a m o t h e r  p l a n t  i s  a c c o m p l i s h e d  u n d e r  t h e  

a s s u m p t i o n  t h a t  e a c h  c r o s s - p o l l i n a t i n g  p o l l e n  h a s  a n  

e q u a l  c h a n c e  to c o m e  to f e r t i l i z a t i o n .  Al l  m e m b e r s  of 

t h e  p o p u l a t i o n  f l o w e r  a t  t h e  s a m e  t i m e  a n d  p r o d u c e  p o l -  

l en  to t h e  s a m e  e x t e n t .  Any  f o r m  of g a m e t i c  s e l e c t i o n  

a n d  m u t a t i o n  i s  e x c l u d e d  o r  at  l e a s t  r e g a r d e d  a s  n e g l i -  

g i b l e .  W i t h  t h e s e  a s s u m p t i o n s ,  c o e f f i c i e n t s  of  i n b r e e d i n g  

a n d  k i n s h i p  a m o n g  t he  s e e d  p r o d u c t i o n  of m o t h e r  p l a n t s  

l o c a t e d  at  d i f f e r e n t  p l a c e s  a r e  c o m p u t e d ;  t h e  c o e f f i c i e n t s  

r e f e r  to  t h e  one  l o c u s  c a s e .  

The  f o l l o w i n g  n o t a t i o n s  wi l l  b e  u s e d :  

~ ( x )  := p o p u l a t i o n  d e n s i t y  at  p l a c e  x 

q ( x )  : = r a t e  of  s e l f - f e r t i l i z a t i o n  of  a p l a n t  l o c a t e d  at  

p l a c e  x,  i . e .  t h e  p r o b a b i l i t y  t h a t  a s e e d  p r o -  

d u c e d  by  a m o t h e r  p l a n t  a t  p l a c e  x r e s u l t s  f r o m  

s e l f - f e r t i l i z a t i o n  
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p ( x  lY) := p r o b a b i l i t y  d e n s i t y  that  a p o l l e n  which c a m e  to 

f e r t i l i z a t i o n  at p l a c e  y o r i g i n a t e s  f r o m  p lace  x 

f(x)  : = coe f f i c i en t  of i n b r e e d i n g  of an ind iv idua l  f r o m  

the  p a r e n t a l  g e n e r a t i o n  loca t ed  at p l a c e  x 

( x , y )  := coe f f i c i en t  of k in sh ip  b e t w e e n  two i nd iv idua l s  

f r o m  the  p a r e n t a l  g e n e r a t i o n ,  one loca ted  at 

p l a c e  x and  the  o the r  at p l a c e  y 

0 (x) : = a v e r a g e  coe f f i c i en t  of k i n s h i p  of two s e e d s  r a n -  

domly  d r a w n  f r o m  the  s e e d p r o d u c t i o n  of a p lan t  

l oca t ed  at p l a c e  x 

1 ( x '  y) : = a v e r a g e  coe f f i c i en t  of k insh ip  of two s e e d s  r a n -  

domly  d r a w n  f r o m  the  s eed  p r o d u c t i o n  of two 

d i f f e r en t  p l a n t s ,  one loca ted  at p l a c e  x and 

the  o the r  at p l a c e  y 

f l ( x )  := a v e r a g e  coe f f i c i en t  of i n b r e e d i n g  of a s eed  

r a n d o m l y  d r a w n  f r o m  the  s eed  p r o d u c t i o n  of 

a p lan t  l oca t ed  at p l a c e  x. 

C o m p u t a t i o n  of ~0 (x )  : 

By 9 , d s ,  d c we deno te  the  t h r e e  d i f f e ren t  t y p es  of g a m e -  

t e s t h a t  c an  be  c o n t a i n e d  in  a s e e d  p r o d u c e d  f r o m  a p l a n t  

l oca t ed  at a c e r t a i n  p l a c e ;  9 i s  the  f e m a l e g a m e t e ,  d s i s  

the  m a l e  g a m e t e  which c o m e s  f r o m  the  s a m e  p lan t  ( s e l f -  

f e r t i l i z a t i o n )  a n d d  i s  t h e  m a l e  g a m e t e  c o m i n g  f r o m  a c 
d i f f e r en t  p l an t  ( c r o s s - f e r t i l i z a t i o n ) .  Thus two types  of 

s eed ,  v i z .  d 9 ,  d 9 ex i s t ,  which c an  be c o m b i n e d  into s c 
t h r e e  d i f f e r e n t p a i r s ,  i . e .  ( d f , d s g ) ,  ( d c g , d s g )  and  

(dc9 , dcg)  , hav ing  p r o b a b i l i t i e s  q (x)  2, 2q(x)  ( 1-  q(x))  

and  ( 1 - q ( x ) )  2 to be  d r a w n  f r o m  the  s e e d  p r o d u c t i o n  of a 

p l a n t ,  l o ca t ed  at p l a c e  x. The coe f f i c i en t s  of k in sh ip  for  

these three pairs may each be obtained by determining 

the identity relations between the four different combi- 

nations of two gametes, one drawn from the first and 

the other from the second seed: 

1 ( l + f ( x )  ) (dsg, C~s~) : 
1 (l+f(x)) 1 f (dsg,dcg) : ~- + ~- ~(x,y)p(y[x)dy 

1 ( l + f ( x ) )  + 1 (dc9 , d c g ) :  ~ ~." q~ ( x , y ) p ( y ] x ) d y +  

f I f (  1 ( l + f ( y ) )  - 1 @ ( y , z ) p ( y l x ) p ( z [ x ) d y d z  + ~ + ~ - -  

_ r  (y[x) 2 
~ (y )  dy.  

The l a s t  i n t e g r a l  c o n t r i b u t e s  to the  fact  that  the  two 

c r o s s - f e r t i l i z i n g  g a m e t e s  d c can  o r i g i n a t e  f r o m  the  s a m e  

p lan t  ( the  d e r i v a t i o n  me thod  i s  ana logous  to that g i v e n b y  

Mal&cot ( e . g .  1967) and  G r e g o r i u s  ( 1 9 7 5 ) ) .  S u m m i n g  

up a l l  the  t e r m s  we a r e  l ed  to 

= ~ ( l + f ( x ) )  -~ ( l+q (x ) )  2 + ~ @0(x ) 1 1 l ( l _ q ( x ) 2 ) •  

1 (~-q(x))2 [ f  (�89 (l+f(y)) xf~ ( x , y ) p ( y [ x ) d y  +-~ 

- r  ( ~ 2 d y + f r  ].(1) 

Compu ta t i on  of @ 1 (x, y) : 

Aga in ,  choos ing  the above way of p r o c e e d i n g  and  c o n s i d e -  

r i n g  that  we now a r e  c o n c e r n e d  with p a i r s  of s eeds  p r o -  

duced f r o m  two d i f fe ren t  p l a n t s  loca ted  at p l ace  x and  y, 

the  four  t ypes  ( d s g x , d s 9 y )  , (dsgx ,  d 3 y ) ,  (dc9x,  d sgy  ) 

and  (dcgx,  dcgy)  of p a i r s  of s eed  can  be  d i s t i n g u i s h e d  and 

h a v e t h e  r e s p e c t i v e  p r o b a b i l i t i e s  q(x)  q ( y ) ,  q (x)  ( 1 - q(y) ) ,  

( 1 - q ( x ) ) q ( y )  and  ( 1 - q ( x ) ) ( 1 - q ( y ) )  to be d r awn  (note  

that  e . g .  d 9 now d e s c r i b e s  a s e e d  r e s u l t i n g  f r o m  s e l l -  s x 
f e r t i l i z a t i o n  at p l a c e  x ) .  The coe f f i c i en t s  of k in sh ip  for  

t he se  four  p a i r s  a r e :  

(ds9 x, dsgy)  

( d s g x , d c g y )  

(tic9 x, dcq~y) 

(dcgx ,dcgy )  

: r  

l ~ ( x , y )  + 1 f : ~ ~ " ~ ( z , x ) p ( z I y ) d z  + 

1 

1 1 fr § : ~ r  + ~  �9 

: ~-@(x,y)l + 71 -f  r + 

1 1 
+~" [ ~ ( l + f ( y ) ) - ~ ( y , y ) ]  ~ - ~ +  

1 fr + § 

1 

+ ~ " q~(u,v)p(ulx)p(vly)dudv + 

, ) +~ " ( l + f ( z ) ) - r  P (Z lx )P(Z[Y)dz .  
~ ( z )  

Thus a l t oge the r  

~ l ( x , y )  = 1 ( l + q C x ) ) ( l + q C y ) ) - ~ ( x , y ) + l ( l + q C x ) ) ( 1 - q ( y ) )  X 

+ f 1 
p ( z l x ) p ( z l Y ) d z  + - r ( z , z )  ~ ( z )  

(2) 
+fr dudv ]. 
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For pure self-fertilization at places x and y, i.e. 

q(x)=q(y)=l, equations (I) and (2), of course, spe- 

I ( l + f ( x ) )  and c i a l i z e  to the  we l l  known r e s u l t s  r 0 (x) = 

r  =r ( x , y ) .  

C o m p u t a t i o n  of f l  (x) : 

C l e a r l y  the  m a l e  g a m e t e  c o n t a i n e d  in a s e e d  can  be  of 

type  d s o r  d c thus  g e n e r a t i n g  the  fo l lowing  p r o b a b i i i t i e s  

of  i den t i t y  b e t w e e n  the  a l l e l e s  c a r r i e d  by t h e  m a l e  and 

f e m a l e  g a m e t e  : 

Us9 : ~ ( l + f ( x ) ) ;  de9 : ~ ( y , x ) p ( y l x ) d y .  T h e r e f o r e  

f l( l+f(x)) .  f l ( x )  = ( 1 - q ( x ) ) .  ~ ( y , x ) p ( y l x ) d y + q ( x )  - ~  

(3) 
O b v i o u s l y  t h e r e  i s  no d i r e c t  d e p e n d e n c e  of f l  on the  

popu la t i on  d e n s i t y  ~. 

In p lan t  b r e e d i n g  e x p e r i m e n t s  t h e r e  i s  u s u a l l y  no 

e x a c t  k n o w l e d g e  about  t he  t r u e  v a l u e s  of the  ~ (x,  y) and 

f ( x ) ,  but  r a t h e r ,  an i d e a  about  t he  m a g n i t u d e  of the  a v e r -  

age  c o e f f i c i e n t  of k insh ip  r e s p .  i n b r e e d i n g .  This  fac t  

can  be  t aken  into  accoun t  a s s u m i n g  the  c o e f f i c i e n t s  to 

be  i n d e p e n d e n t  of  t h e  l o c a t i o n s  of  i n d i v i d u a l s ,  i . e .  

r =Oand f(x) = f. Thus Eqs.(1), (2) and (3) change 

into 

00(x, ,,-0 I- I(  q,x, 

with K(x )  : = f  P(ylx)2dY; ( l a )  
~(Y) 

1 1 (1 +f)-r ] '7  - + r :* +[~ [ ~ ( 1  +q(x))(1 q(y)) 

+ ~  ( 1 - q ( x ) ) ( l + q ( y ) ) +  
(2a) 

+ ( 1 - q ( x ) ) ( 1 - q ( y ) )  �9 K ( x , y ) ]  

wi th  K ( x , y )  : = f  p(z[x)p(z[y)~(z) dz;  

f l ( x )  = ~  + [ 1 ( 1 + f ) - ~  ] " q ( x ) .  (3a)  

The m e a n i n g  of the  q u a n t i t i e s  K ( x )  and K ( x , y ) ,  which  

c o m p r i s e  t he  c o m p o u n d  i n f l u e n c e  of p o l l e n  d i s p e r s a l  and 

popu la t i on  d e n s i t y ,  can  be  s t a t e d  a s  fo l l ows :  u n d e r  the  

cond i t i on  of c r o s s - f e r t i l i z a t i o n  K ( x )  the  p r o b a b i l i t y  tha t  

two p o l l e n  c e l l s  which c o m e  to f e r t i l i z e  a p lant  l o c a t e d  at 

p l a c e  x o r i g i n a t e  f r o m  the  s a m e  p lan t ,  and K ( x , y )  i s t h e  

p r o b a b i l i t y  that  two p o l l e n  c e l l s  which  c o m e  to f e r t i l i z a -  

t ion  at two d i f f e r e n t  p l a n t s  l o c a t e d  at p l a c e  x r e s p .  y 

o r i g i n a t e  f r o m  the  s a m e  p l an t .  F u r t h e r m o r e ,  

a p p r o x i m a t e l y  i s  the  p r o b a b i l i t y  that  a po l l en  c e l l  which 

c a m e  to f e r t i l i z e  a p lan t  l o c a t e d  at p l a c e  y o r i g i n a t e s  

f r o m  j u s t  one  d i f f e r e n t  p lan t  l o c a t e d  at p l a c e  x ;  t h e r e -  

f o r e  ~ =- O. In c a s e  t he  c o e f f i c i e n t s  of k insh ip  of an  
1 

i nd iv idua l  wi th  i t s e l f ,  -~ ( l + f ) ,  and b e t w e e n  two d i f f e r e n t  

i n d i v i d u a l s ,  r , a r e  equa l ,  t hen  t o ( X )  =- ~ -= ~1 ( x , y )  

-= f l  ( x ) .  

A s s u m i n g  that  a l l  i n d i v i d u a l s  p r o d u c e  s e e d  to the  s a m e  

ex t en t ,  the  a v e r a g e  c o e f f i c i e n t  of  k insh ip  r e s p .  i n b r e e d -  

ing wi th in  the  s e e d  popu la t ion ,  ~ ' r e s p .  f '  s ay ,  can  be  

de f ined  with  r e s p e c t  to the  popu la t i on  dens i t y ,  i f ,  f o r  the  

m o m e n t ,  we a s s u m e  the  popu la t i on  s i z e  to  be  f i n i t e ,  i . e .  

f f ~ ( x ) d x  =: , and put N < c o  

~ (x )  
S(x)  : r  f ~ l ( x ' Y ) r  r  + N =: = 

+ f (r - el(X,X)) ~ ( ~  dx, 

which  i s  d e r i v e d  with t he  he lp  of  t he  s a m e  r e a s o n i n g  we 

u s e d  in t he  c o m p u t a t i o n  o f ~  0 and ~1; 

f' =lfl(x)s(x)dx. 

S o m e  s t r a i g h t f o r w a r d  s u b s t i t u t i o n s  and r e a r r a n g e -  

m e n t s  l ead  to a r e p r e s e n t a t i o n  of ~'  and f '  in t h e f o r m  

' = ~ +  ( l ( l + f ) - ~ ) -  M, wi th  M . = - ~ -  

2 
[ f  ( 1 - q ( y )  ) p ( x , y ) a  ( y ) d y  + (1+ q ( x ) ) ~  (x)] dx,  

f'  =r + ( 1 ( 1  + f ) - ~ ) "  ~ ,  w i t h ~  :=fq(x)~(x)dx, 
which a r e  e x a c t l y  t he  s a m e  r e p r e s e n t a t i o n s  I ob t a ined  

e a r l i e r  app ly ing  a d i f f e r e n t  a p p r o a c h  to the  s a m e  s i t u a -  

t ion  ( G r e g o r i u s  ( 1 9 7 5 ) ) .  A s  N ~ co we  a r r i v e  at t he  r e -  

s p e c t i v e  r e s u l t  f o r  h y p o t h e t i c a l l y  in f in i t e  popu l a t i on  s i z e .  

S m a l l  S i z e  of Habi ta t  

A s p e c i a l  s i t ua t i on  o c c u r s  i f  t he  r a n g e  of p o l l e n  d i s p e r -  

sa l  i s  l a r g e  c o m p a r e d  with t he  s i z e  of p o p u l a t i o n ' s  

hab i t a t .  In th i s  c a s e  c r o s s - p o l l i n a t i o n ,  and as  a c o n s e -  

q u e n c e  c r o s s - f e r t i l i z a t i o n ,  may  be  r e g a r d e d  a s  t ak ing  

p l a c e  a p p r o x i m a t e l y  at r a n d o m .  As  b e f o r e , / ~  (x) dx = : N 

i s  t he  popu la t i on  s i z e .  R e c a l l i n g t h e  m e a n i n g s  of K ( x ) ,  

K ( x , y )  and ~ , which  h a v e  b e e n  e x p l a i n e d  a b o v e ,  the  

v a l u e s  they  adopt  fo r  r a n d o m  c r o s s - f e r t i l i z a t i o n  can  be  

d e d u c e d  e a s i l y  : 

K ( x )  = 1 ~ 1 N - 2  
N-1  ' = ~  a n d K ( x , y )  = ( N _ l ) 2  . 

With t h e s e  r e s u l t s ,  E q s .  ( l a )  and ( 2 a ) ,  a f t e r  s o m e  

s i m p l e  r e a r r a n g e m e n t s ,  a t t a in  the  f o r m  

1 2 o(X) =~ + [ l ( l + f ) - ~  ] ' ~ "  [ ( l + q ( x ) )  + 

+ (1 - q(x)) 2 . w~]  (lb) 
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Thus  ( l a )  

Co(X) = r 

r  

@1 ( x ' y )  = r  + ~ - - ' i  " ~ ( l + f ) - r  • 

• 1 - ~ -  ( l + q ( x ) ) ( t + q ( y ) )  - ( 1 - q ( x ) ) ( 1 - q ( y ) )  

(2b)  

O b v i o u s l y ,  r a n d o m  c r o s s - f e r t i l i z a t i o n  c a n c e l s  out  t h e  

i n f l u e n c e  of p o p u l a t i o n  d e n s i t y .  The  d e c r e a s e  of g e n e t i c  

r e l a t i o n s h i p  w i th  i n c r e a s i n g  p o p u l a t i o n  s i z e  N i s  m u c h  

s t r o n g e r  f o r  s e e d  o r i g i n a t i n g  f r o m  d i f f e r e n t  p l a n t s  t h a n  

it  i s  f o r  s e e d  p r o d u c e d  by  t h e  s a m e  p l a n t ;  to  b e  c o n c r e t e ,  

is @o(X) i s  c o n s i d e r e d  a s  a f u n c t i o n  of N i t  n e v e r  c a n  r e -  

main under @+1(l+q(x))2(1(l+ f)- @). Note that N=2, 

q(x) -~ 0 = @ = f reflects the case of cross-fertilized full- 

sibs from non-related and non-inbred parents and ~0 as 
I 

well as ~ 1 should be equal to ~, which is confirmed by 

( l b )  a n d  ( 2 b ) .  

L a r g e  S i z e  of  H a b i t a t  

The  s i z e  of  t he  h a b i t a t  i s  c o n s i d e r e d  to be  l a r g e  i f  t he  r e -  

v e r s e  of  t he  s t a t e m e n t  in  t he  l a s t  s e c t i o n  a p p l i e s ,  i . e .  i f  

t h e  r a n g e  of p o l l e n  d i s p e r s a l  i s  s m a l l  c o m p a r e d  w i th  t h e  

s i z e  of t h e  h a b i t a t .  P r o v i d e d  t h e  p o p u l a t i o n  d e n s i t y  i s  

t he  s a m e  e v e r y w h e r e ,  i . e .  p ( x )  =- ~, we m a y  a s s u m e  

t h e  p r o b a b i l i t y  d e n s i t i e s  p ( x l y )  to  b e  i n d e p e n d e n t  of 

l o c a t i o n s  y in  m o s t  p a r t s  of t h e  p o p u l a t i o n  and  a d d i t i o -  

n a l l y  to  b e  r a d i a l l y  s y m m e t r i c ;  t h a t  i s ,  p ( x l y )  i s  a 

f u n c t i o n  of t h e  d i s t a n c e  II x - y II b e t w e e n  l o c a t i o n s  x and  

y on ly ,  w h i c h  c a n  b e  w r i t t e n  a s  p ( x l y )  = p (11 x - y  II). 

W i t h  t h e s e  n o t a t i o n s  

K(x) = -~. p(llyll)2dy =: K and K ( x , y )  = 

= ; - - P  ([Iz- xtl)P(ll z -  yll) dz. 

a n d  (2a )  c h a n g e  in to  

1 q ( x ) )  2. K ] [ l ( l + f ) - @ ] � 9  " [ ( l + q ( x ) ) 2 + ( 1  - 

( l c )  
�9 1 [2 P ( l l x - Y l l ) ( 1 - q ( x ) q ( y ) ) +  :@+ [ �89162 T" 

+ ( 1 - q ( x ) ) ( 1 - q ( y ) )  �9 K ( x , y )  I . (20) 
l 

that all plants within a circle of radius R, except for the one 

which is assumedto be located in the centre of the circle, 

have an equal chance to contribute as fathers to the seed 

production of the central mother plant; on the other hand, 

pollen originating from outside that circle should not 

reach the central mother plant, i.e. have probability 0 

of coming to fertilization at this plant. From this, p has 

the following representation 

[~_!~_~ for II xll ~ R 
~-P ( l l x l l )  = /o for II x tL > 

w h e r e  N i s  t h e  n u m b e r  of p l a n t s  c o n t a i n e d  in  a c i r c l e  of 

r a d i u s  R ( t w o - d i m e n s i o n a l  h a b i t a t )  r e s p .  a s t r a i g h t  l ine  

( o n e - d i m e n s i o n a l  h a b i t a t )  of l e n g t h  2R.  

a )  W e  wil l  s t a r t  w i th  a o n e -  d i m e n s i o n a l  h a b i t a t ,  i . e .  

i n d i v i d u a l s  a r e  d i s t r i b u t e d  a l o n g  a s t r a i g h t  l i n e  a c c o r d -  

ing to a p o p u l a t i o n  d e n s i t y  g i v e n  b y  ~. In t h i s  c a s e  
1 

N =  2R~ a n d K  = N - 1  " 

K ( x ,  y) h a s  to  b e  c o m p u t e d  fo r  t h r e e  d i f f e r e n t  c a s e s  

s e p a r a t e l y .  F i r s t ,  ] x -  Yl > 2R:  t h e  i n t e r v a l s  c e n t r e d  

a r o u n d  x and  y r e s p e c t i v e l y  d o n ' t  o v e r l a p  and  t h u s  

K ( x ,  y) = 0 ; s e c o n d l y  R < Ix - y [ ~ 2R : t h e t w o  i n t e r v a l s  do 

o v e r l a p  a n d  t h e  o v e r l a p p i n g  p a r t  d o e s  not  c o n t a i n  t h e  two i n -  

d i v i d u a l s  l o c a t e d  at  p l a c e s  x and  y, so  t h a t  t h e  n u m b e r  

of i n d i v i d u a l s  w h i c h  c a n  c o n t r i b u t e  p o l l e n  a t  p l a c e s  x 

a n d  y a t  t h e  s a m e  t i m e  i s  equa l  t o ~  �9 ( 2 R -  ] x - y l ) ;  

t h i r d l y ,  I x -  y [ ~  R:  t he  o v e r l a p p i n g  p a r t  of t h e  two i n -  

t e r v a l s  c o n t a i n s  t h e  i n d i v i d u a l s  at  p l a c e  x and  y a n d  t h u s  

t he  n u m b e r  of i n d i v i d u a l s  w h i c h  c a n  c o n t r i b u t e  p o l l e n  at  

p l a c e s  x and  y a t  t h e  s a m e  t i m e  i s  e q u a l  to 

. (2R - Ix - Y l ) - 2. A l t o g e t h e r  we t h e r e f o r e  h a v e  

K ( x , y )  = 

0 

" (2R- Ix-yi) 
( N - 1 )  2 

~ ( 2 R -  I x - y l ) - 2  
( 5 - 1 )  2 

f o r l x - Y l  > 2R 

f o r  R < I x - y l  < 2R 

f o r l x - y  I ~< R.  

Togeta concreteideaoftheeffect whicha limited range This means that @l(x,y) can be regarded as a func- 

of pollen dispersal has on the various coefficients of kir~ship, tion of the difference i x - y I and thus is composed of three 

we shall investigate some examples which employ simple straight lines with a discontinuity at the point Ix- yi= R, 

types of probability densities p ofthekind usedin (Ic) and which is demonstrated by Fig. 1. 

( 2 c ) .  In m a n y  s i t u a t i o n s  r o u g h  a p p r o x i m a t i o n s  f o r  t h e a c t u a l  b)  F o r  t he  c a s e  of  a t w o - d i m e n s i o n a l  h a b i t a t ,  a s  d e -  

p m a y  b e  o b t a i n e d b y  a s s u m i n g t h e  p o l l e n  d i s p e r s a l  to  b e  s c r i b e d  a b o v e ,  c o n s i d e r a t i o n s  a r e  a n a l o g o u s � 9  W e n o w h a v e  
1 

u n i f o r m  w i t h i n  a c e r t a i n  d i s t a n c e  l i m i t  R ,  w h i c h ,  f o r  e x -  N = ~ �9 R2TT and  K = ~ a s  b e f o r e .  The  n u m b e r  of i n d i -  

a m p l e ,  in  t h e  c a s e  of  a t w o - d i m e n s i o n a l  h a b i t a t ,  m e a n s  v i d u a l s  l o c a t e d  w i t h i n  t he  i n t e r s e c t i o n  of two c i r l e s  w h i c h  
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F i g .  1; C o e f f i c i e n t  o f  k i n s h i p  ~ ( x )  o f  t w o  seed  p r o -  
duced  f r o m  p l a n t s  s e p a r a t e d  by a d i s t a n c e  x .  T h e p l a n t s  
a r e  d i s t r i b u t e d  a long  a o n e - d i m e n s i o n a l  hab i t a t  wi th  
p o p u l a t i o n  d e n s i t y  ~.  P o l l e n  d i s p e r s a l  t a k e s  p l a c e  a c -  
c o r d i n g  to  a u n i f o r m  p r o b a b i l i t y  d e n s i t y  wi th  r a n g e  R.  
q = r a t e  of s e l f - f e r t i l i z a t i o n ,  @ r e s p .  f = c o e f f i c i e n t  of  
k i n s h i p  r e s p .  i n b r e e d i n g  in t he  p a r e n t a l  g e n e r a t i o n . T h e  
r e s p e c t i v e  c o e f f i c i e n t  of  k i n s h i p  @ o of  two  s e e d  p r o d u c -  
ed  by t h e  s a m e  p l a n t  e q u a l s  in c a s e  R = 20: @o = 0 .2857  
and  in c a s e  R = 50: @o = 0.  2829 
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F i g .  2. N o t a t i o n s  a s  g i v e n  in  t he  l e g e n d  of F i g .  1. The 
p l a n t s  a r e  d i s t r i b u t e d  o v e r  a t w o - d i m e n s i o n a l  h ab i t a t  
and  p o l l e n  d i s p e r s a l  t a k e s  p l a c e  a c c o r d i n g  to  a r a d i a l l y  
s y m m e t r i c  u n i f o r m  p r o b a b i l i t y  d e n s i t y  wi th  r a n g e  R.  In 
c a s e R  = 20: @o = O.1533 and  in c a s e R  = 50: @o = 0 . 1 5 1 6  

h a v e  r a d i u s  R and  a r e  c e n t r e d  a r o u n d  p l a c e s  x and  y 

r e s p e c t i v e l y  ( {I x - y I1 ~< 2R) i s  equa l  to  

[ 4 ~" 2R 2- a r c c o s  IIx2RYlI-IIx-Yll 2_ llx =:I(x,y) 

as  i s  wel l  known f r o m  e l e m e n t a r y  g e o m e t r y .  With  t h i s ,  

f 0 forUx-yll>2R 
I (x,y) 

K(x,y) = (N_ l )2  

l(x,y)- 2 

(N-I) 2 

for R<II x-yH< 2R 

for ttx-yll~ < R . 
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F i g .  3. N o t a t i o n s  and  p r e a s s u m p t i o n s  a s  g i v e n  in t he  l e -  
g e n d  of  F i g . 2 ,  but now in c a s e  B = 20: @o = 0 . 2 8 1 9  and  
in c a s e  R = 50: @o = 0 .2 8 1 3  
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F i g .  4. N o t a t i o n s  a s  g iven  in  t he  l e g e n d  of F i g .  1. The p l a n t s  
a r e  d i s t r i b u t e d  a long  a o n e - d i m e n s i o n a l  h ab i t a t  and  p o l -  
l en  d i s p e r s a l  t a k e s  p l a c e  a c c o r d i n g  to  an e x p o n e n t i a l  p r o b -  
ab i l i t y  d e n s i t y  wi th  ' r a n g e  ' D a s  d e f i n e d  in  t he  t e x t .  In 
c a s e  D = 20: ~ o  = 0 . 2 8 7 1  and  in c a s e  D = 50:~o= 0 .2836  

A g a i n  @1(x,y) can be regarded as a function ofll X-Yll 

with a point of discontinuity at II x - y 11 = R. The following 

figures additionally give an idea of the change of @I 

with R and q: 

c) The change in shape of @I when a continuous func- 

tion for p is chosen may be demonstrated by applying an 

exponential probability density to the case of a one-di- 

mensional habitat : 

c/ p ( t x l )  = ~  �9 exp  ( -c~lx[)  0 <  ~.  
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With the help of this function the integrals which deter- 

mine K and K(x,y) can be carried out easily and lead 

to 

2 
c~ I x _ y  I + 1 K = ~ -  a n d K ( x , y )  = ~ - (  ~ ) -  e x p ( -  ~-  i x - y [ ) .  

A g r a p h i c a l  r e p r e s e n t a t i o n  of t h i s  c a s e  f o r  ~ l ( x ,  y ) ,  

w h i c h  a g a i n  j u s t  d e p e n d s  on  [x - y [ ,  i s  g i v e n  in  F i g . 4 .  

To g i v e  t h e  q u a n t i t y  ~ a m o r e  c l e a r  m e a n i n g ,  i t  wi l l  b e  

r e l a t e d  to  t h e  ' r a n g e '  of  p o l l e n  d i s p e r s a l  w h i c h  now i s  

d e f i n e d  a s  t he  d i s t a n c e  D w i t h i n  w h i c h  a p p r o x i m a t e l y  

957o of  t h e  p o l l e n  c o m e s  to f e r t i l i z a t i o n ,  i . e . ,  h a s  to  b e  

such determined such that 

D 

--~- f e x p ( - c ~ l x i ) d x  : 0 . 9 5 .  
2 

-D 

It c a n  b e  s h o w n  e a s i l y  t h a t  D -~ 3 . Thus  in  t h e  p r e -  c~ 
c e d i n g  f o r m u l a  3 / D  h a s  to  b e  s u b s t i t u t e d  f o r  c~. 

The  f i g u r e s  of a l l  t h r e e  e x a m p l e s  d e m o n s t r a t e  a c o n -  

s i d e r a b l e  d i f f e r e n c e  b e t w e e n  t h e  m a x i m u m  v a l u e  of ~ l ( X )  

and ~0" The influence of the range of pollen dispersal R 

resp. D on ~l(X) is seen to be important, while there 

is hardly any variation of ~0 with changing range as well 

as shape of pollen dispersal (seelegendof Figs. 1 and 4). 

Another drastic change of ~l(X) is due to the dimensio- 

nality of the habitat as shown inFigs. 1 and 3, where all 

parameters are kept constant, but the population den- 

sity ~ for the one-dimensional case has been chosen as 

just the root of the density for the two-dimensional case, 

to make both comparable. On the other hand, there is 

no strong dependence of ~0 on dimensionality. A remark- 

able change in ~0 obviously is caused by a change in the 

rate of self-fertilization, as can be seen from the legends 

of Figs. 2 and 3. 

The Meaning of Neighbourhood 

The term "neighbourhood" is due to Wright (1946), who 

suggested 'that the individuals are neighbours in the sen- 

se that their gametes may come together '. This coming to- 

gether of gametes generally takes place with different prob- 

abilities and, at an extreme, all these probabilities may 

be greater than zero - even in an hypothetically infinite po- 

pulation - which should imply that all gametes may come to- 

gether. To overcome this difficulty a finite theoretical 

population is constructed in which all matings in question 

are equally probable and for which an appropriate para- 

meter adopts the same value as in the actual population. 

This parameter is widely agreed to be the probability that 

two successful gametes are derived from the same indi- 

vidual. In general these two gametes can be taken to cor- 

respond to each other in various concerns, as e.g. for- 

ming a zygote or being present in two specific individu- 

als. The use of this parameter certainly is appropriate 

because it reflects the possibility of a single individual 

contributing to the whole process and thus makes a state- 

ment about the 'finiteness ' of the number of individuals 

involved. 

In its most elementary form a neighbourhood is defi- 

ned with respect to a specified individual and describes 

a set of further individuals (i. e. excluding the specified 

individual) which are regarded as neighbours of the spe- 

cified individual. Such a neighbourhood will be called ef- 

fective if all its members are equally probable as mates 

for the specified individual, i.e. if they constitute an ideal 

(theoretical) population in the above sense. Thus, start- 

ing from an actual situation, it is possible to determine 

the size of an effective neighbourhood with the help of the 

probability that mating of the specified individual takes 

place two times with any other individual. For plant po- 

pulations, this is equivalent to computing the probability 

that two crossfertilizing pollen at a given plant originate 

from the same plant. In our preceding statements this 

probability has been denoted by K(x) for a plant located 

at place x. If the effective size of the neighbourhood of a 

plant located at place x is equal to Ne(X) (not counting 

t h e  p l a n t  a t  p l a c e  x)  t h e n  K ( x )  = ~ 1  r e s p .  N e ( x ) V  = 

1 K---(-~' w h i c h  c a n  b e  s h o w n  e a s i l y .  

A r e a s o n a b l e  e x t e n t i o n  of t h e  c o n c e p t  of e f f e c t i v e  

n e i g h b o u r h o o d  to  two d i f f e r e n t  s p e c i f i e d  i n d i v i d u a l s  m a y  

b e  d e d u c e d  by  c o n s i d e r i n g  t he  e f f e c t i v e  c o m m o n  n e i g h -  

b o u r h o o d  of t h e s e  two i n d i v i d u a l s  w h i c h  f o r m a l l y  i s  d e -  

f i n e d  a s  t h e  i n t e r s e c t i o n  of t h e  two e f f e c t i v e  n e i g h b o u r -  

h o o d s .  The s i z e  of t h e  e f f e c t i v e  c o m m o n  n e i g h b o u r h o o d  

of two p l a n t s  l o c a t e d  at  p l a c e s  x a n d  y r e s p e e t i v e l y w i l l  

b e  d e n o t e d  by  N e ( x , y )  and  a l l o w s  u s  to  d e t e r m i n e  t h e  

p r o b a b i l i t y  t h a t  two c r o s s - f e r t i l i z i n g  p o l l e n  a t  p l a c e  x 

and  y o r i g i n a t e  f r o m  t h e  s a m e  p l a n t  j u s t  in  t e r m s  of e f -  

Ne(X,  Y) 
f e e t i v e  s i z e s ,  n a m e l y ,  Ne (X  ) . Ne(Y ) �9 R e f l e c t i n g  t he  

a c t u a l  s i t u a t i o n ,  t h i s  e x p r e s s i o n  h a s  to  b e  e q u a t e d  to  

N e ( x , Y )  
K ( x , y ) , i . e .  K ( x , y )  = NeCX ) . Ne(Y ) , a n d  t h u s  e n a b l e s  

u s  to  r e l a t e  N e ( x , y )  to t h e  a c t u a l  s i t u a t i o n :  

Ne(X,  y ) = K ( x , y )  
K ( x )  �9 K(y) " 
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F i g .  5. The s i z e  N~ (0,  x)  of t he  e f f e c t i v e  c o m m o n  n e i g h -  
bou rhood  of two p l a n t s  s e p a r a t e d  by d i s t a n c e  x.  The p lan t s  
a r e  d i s t r i b u t e d  a long  a o n e - d i m e n s i o n a l  hab i ta t  with p o -  
p u l a t i o n  d e n s i t y  ~. P o l l e n  d i s p e r s a l  t a k e s  p l a c e  a c c o r -  
d ing to  an e x p o n e n t i a l  p r o b a b i l i t y  d e n s i t y  wi th  ' r a n g e  ' D 
a s  de f ined  in the  t e x t .  

The usefulness of the concept of effective neighbour- 

hood can be judged by looking at Eqs. (la) and (2a). It 

is seen that, besides the 'initial conditions' for r and 

f and the rate of self-fertilization, r is governedby 

the effective size of neighbourhood solely. ~l(x,y) in ad- 

dition needs knowledge about the effective size of common 

neighbourhood and a quantity p (x I y)/~ (x) which descri- 

bes the extent of exchange of genetic material between the 

twoplants located at places x and y respectively. Thus 

Mal~cot's claim (1969, p. 76) that Wright's concept of 

effective number 'does not have the weight that he attri- 

butes to it, because it does not account for the correla- 

tion with distance', is shown not to hold true in gene- 

ral. 

If we compare the results for K and K(x,y), as given 

in examples a) and b), with the representations we ob- 

tain now, it can be stated that these examples directly 

reflect the above findings. The probability density for pol- 

len dispersal applied in example c) now shall serve for 

demonstrating the connection between continuous disper- 

sal and effective sizes. Again, as has been done in ex- 

ample c), 3/D is substituted for a and thus leads to 

4 
Ne(X) = N e = ~ "  D~ and 

1 D) . exp ( 3 I x _ y [ )  " N e ( x , y )  = 4 ~  ( I x - y [  +-~ - ~  

There is complete formal concordance with Wright's 

results ( 1946, Eq. (3) ) for N e (x), provided we neglect con- 

stants and accept the standard deviation (of a normal dis- 

tribution) as a measure of the range of gamete dispersal. 

To prevent possible misunderstanding it shouldbe stated 

that in general the effective neighbourhoodcannot be des- 

cribed in terms of areas having simple geometrical struc- 

tures. This becomes especially clear ifwetry to conceive 

the effective common neighbourhood as the intersection 

of areas, which is possible, e. g. in example a), but which 

proves to be impossible if we aim at a representation of 

example c) using the geometric constellation of example 

a), as can be taken from the above expression for N e ( x, y). 

Finally, Fig. 5 gives an impression of the conduct of 

Ne(~,y) which, taking into account the above equation, 

can be regarded as a function of the distance Ix -Yl only 

for different D 's. 
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